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Motivated by the Gaussian bases of Coifman and Meyer and the need of bases
with arbitrary shapes which may have to be different at different locations, we derive
complete characterizations of window functions and their duals for localization of
all appropriate sines and cosines that give rise to biorthogonal Schauder bases,
Riesz bases, and frames. In addition, when the window functions are simply integer
translates of a single window function, we give an explicit formulation of its
dual that generates the biorthogonal basis, regardless of the shape and support of
the window function. Besides the Coifman–Meyer Gaussian bases, several other
examples of wavelets of Wilson type are given. Ó 2000 Academic Press
1. INTRODUCTION
The most frequently used basis in both mathematics and applications is probably the
trigonometric basis
eik2pix, k ∈ Z.
To extend this orthonormal basis from the unit interval to the real line, the simplest and
perhaps most natural way is to consider all the integer translates of its restriction on the
unit interval, namely
χ[0,1)(x − j)eik2pi(x−j), j, k ∈ Z, (1.1)
where the standard notation of the characteristic function is used. Indeed, the family in
(1.1) is an orthonormal basis of
L2 := L2(−∞,∞). (1.2)
However, due to the Balian–Low theorem [2, 3, 13], there is a severe restriction on
replacing the undesirable “window function” χ[0,1) in (1.1) by a more desirable one, w.
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2 CHUI AND SHI
More precisely, for the family
w(x − j)eik2pi(x−j), j, k ∈ Z, (1.3)
to be a frame (recalling that an orthonormal basis is necessarily a frame), we cannot have
both
xw(x) and w′(x)
in L2. For instance, if a compactly supported piecewise polynomial w is used, then w is
not even allowed to be continuous.
Fortunately, if eik2pix is replaced by a suitable orthonormal basis of cosines or sines on
the unit interval, such as
ck(x)=
√
2 cos
(
k + 12
)
pix, k = 0,1, . . . , (1.4)
and
sk(x)=
√
2 sin
(
k + 12
)
pix, k = 0,1, . . . , (1.5)
then the Balian–Low restriction is completely removed. Perhaps the first work that uses
sines and cosines to replace eik2pix for this purpose is Sullivan, Rehr, Wilkins, and Wilson
[16]; and for this reason, we will call all localized sine or cosine basis functions “wavelets
of Wilson type.”
Recent papers that have made substantial advancement on wavelets of Wilson type
include [1, 6–9, 11, 12, 14]; but with the exception of [8, 11], these papers focus only on
the two-overlapping setting; that is, the window functions are assumed to be compactly
supported and only immediate neighboring windows are allowed to have overlapping
supports.
Our work to be presented in this paper is motivated by the recent paper of Coifman and
Meyer [8], where the Gaussian
g(x)= e−ζ(x−1/2)2, Re ζ > 0, (1.6)
is used as the window function to localize the sine functions sk in (1.5). The main result in
[8] is that the family
g(x − j)sk(x − j), j ∈ Z, k = 0,1, . . . , (1.7)
is a Reisz basis of L2 and that an explicit formulation of the dual basis is given.
In this paper, we allow arbitrary window functions that could change with the locations
j ∈ Z. We give complete characterizations of these “adaptive” window functions wj that
give rise to biorthogonal Schauder bases, Riesz bases, and frames. When wj are integer
translates of a single window function w(x − 12 ), we also give an explicit formulation of
its dual window function that generates the biorthogonal basis. In this regard, since the
derivation in Coifman and Meyer [8] depends very heavily on a special property of the
Gaussian, our approach is quite different from theirs.
This paper is organized as follows. The main results are stated in the next section. In
Section 3, we collect and establish the necessary preliminaries that will be used to prove
WAVELETS OF WILSON TYPE WITH ARBITRARY SHAPES 3
the main results in this paper. These proofs are given in Section 4. Several related results
and examples are presented in Section 5. The main theorems in this paper were announced
in our conference proceeding article [5] in June, of 1996.
2. MAIN RESULTS
In this paper, we consider localization of the orthonormal bases sk(x − j) and ck(x − j)
given in (1.4) and (1.5) as well as some mixture of sines and cosines to be formulated
below. We allow the window functionswj to be as flexible as possible to give arbitrary and
possibly different “shapes” for different values of the position j ∈ Z. In fact, we will allow
wj to be arbitrary complex-valued measurable functions which, of course, can be used to
localize an appropriate sinusoidal family Tjk to generate a Schauder basis of wavelets of
Wilson type for L2 = L2(−∞,∞), namely
ψjk(x)=wj(x)Tjk(x), j ∈ Z, k = 0,1, . . . . (2.1)
Hence, the minimum requirement on the window functions wj is that the localized
functions ψjk in (2.1) are in L2. Here and throughout this paper, {Tjk} denotes any of
the following three families:
(a) ck(x − j), j ∈ Z, k = 0,1, . . . ;
(b) sk(x − j), j ∈ Z, k = 0,1, . . . ; and
(c)
djk(x) :=

√
2 sin((k + 1)pix), j ∈ 2Z+ 1, k = 0,1, . . . ,√
bk cos(kpix), j ∈ 2Z, k = 0,1, . . . ,
b0 = 1;bk = 2, if k ≥ 1,
(2.2)
where ck and dk were introduced in (1.4) and (1.5).
To facilitate our presentation, the following notations will be used. For a given sequence
of functions w= {wj }, we denote byM(w, x) the matrix
M(w, x) := (mpq(x))(p,q)∈Z2, (2.3)
with the (p, q)th entry given by
mpq(x) := (−1)pqwq
(
2
⌊
p+ 1
2
⌋
+ (−1)px
)
. (2.4)
Here, bxc denotes, as usual, the greatest integer not exceeding x . When M(w, x) is
invertible we will also consider its “dual” matrix, defined by the transpose of the complex
conjugate of its inverse, namely
M˜(w, x) := (M(w, x)−1)T := (m˜pq(x))(p,q)∈Z2. (2.5)
Our first result is concerned with biorthogonal Schauder bases, as follows.
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THEOREM 1. Let wj ∈ L2. Then {ψjk} as defined in (2.1) is a Schauder basis of L2 if
and only if the following two conditions are satisfied.
(i) M(w, x) is a.e. invertible and ψ#jk(x) := m˜0j (x)Tjk(x) ∈ L2, (j, k) ∈ Z×N0, and
(ii) {ψjk,ψ#jk} provides the following “dual Parseval identity”:∑
(j,k)∈Z×N0
〈f,ψjk〉〈ψ#jk , g〉 = 〈f,g〉, f, g ∈L2. (2.6)
As a consequence of Theorem 1, we have the following.
THEOREM 2. Let wj and w˜j be in L2 such that∑
k∈Z
∥∥∥∥∑
j
|wj(x)|
(|w˜j (2k + x)| + |w˜j (2k − x)|)∥∥∥∥∞ <∞. (2.7)
Set
ψ˜jk(x) := w˜j (x)Tjk(x), j ∈ Z, k = 0,1, . . . . (2.8)
Then {ψjk} and {ψ˜jk} are biorthogonal Schauder bases of L2 if and only if M(w, x) is
a.e. invertible and that
M˜(w, x)=M(w˜, x). (2.9)
As to Riesz bases and frames, we have the following.
THEOREM 3. Let w = {wj }j∈Z be a sequence of measurable functions such that
‖M(w, x)‖ <∞ a.e. and that ψjk := wjTjk ∈ L2. Then the following statements are
equivalent:
(i) {ψjk} is a frame of L2 with frame bounds A and B .
(ii) {ψjk} is a Riesz basis of L2 with Riesz bounds A and B .
(iii) 0<A≤A0 ≤ B0 <B <∞, where{
A0 :=
(
ess supx∈[0,1]‖M(w, x)−1‖
)−2
,
B0 := ess supx∈[0,1]‖M(w, x)‖2.
(2.10)
We remark that the values of A and B in all of the three statements (i)–(iii) are the same.
For instance, for A=A0 > 0 and B = B0 <∞, we see that A0 and B0 are sharp Riesz and
frame bounds.
Next, we consider the special case when the window functions wj are generated by
integer translations of a single function, namely
wj (x)=w
(
x − j − 12
)
, j ∈ Z. (2.11)
Recently, Coifman and Meyer [8] proved that if Re ζ > 0, then the family
ψjk(x) := e−ζ(x−j−1/2)2sk(x − j), j ∈ Z, k = 0,1, . . .
is a Riesz basis of L2. Furthermore, they give an explicit formulation of the dual basis. To
do so, they rely on a special property of the exponential function e−ζx2 . In this paper we
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will consider the general setting without using this special property. To state our result, we
need the following notations:
8m(w;x) :=
∑
j∈Z
w(x − j)w(x − j + 2m), m ∈ Z, (2.12)
and
3(w;x, ξ) :=80(w;x)+ 2
∞∑
m=1
8m(w;x) cosmξ. (2.13)
We have the following result.
THEOREM 4. Let w be a continuous even function that satisfies
|w(x)| ≤ C(1+ |x|)−2−,  > 0. (2.14)
Then the family
ψjk(x)=w
(
x − j − 12
)
Tjk(x), j ∈ Z, k = 0,1, . . . (2.15)
is a Riesz basis of L2 if and only if
3(w;x, ξ) 6= 0 on [0,1] × [−pi,pi]. (2.16)
Furthermore, if (2.16) holds, then the dual basis is given by
ψ˜jk(x)= w˜
(
x − j − 12
)
Tjk(x), j ∈ Z, k = 0,1, . . . , (2.17)
where
w˜(x)=
∑
`∈Z
θ`(x)w(x − 2`), (2.18)
with
θ`(x)= 1
pi
∫ pi
0
cos(`ξ)
3(w;x, ξ) dξ, ` ∈ Z. (2.19)
3. AUXILIARY RESULTS
In this section we establish some auxiliary results and collect several known lemmas
that will be used in the proof of our main theorems to be presented in Section 4. First let
us recall the following definitions.
DEFINITION 1. A pair {fn, f˜n} of sequences in L2 is said to be biorthogonal if
〈fm, f˜n〉 = δm,n, for all m and n,
and is said to provide the dual Parseval identity if
〈f,g〉 =
∑
n
〈f,fn〉〈f˜n, g〉, f, g ∈L2.
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PROPOSITION 1. Let w = {wj } be a sequence of functions such that ψjk = wjTjk ∈
L2, (j, k) ∈ Z × N0. Then {ψjk,ψ#jk}, where ψ#jk ∈ L2, is a biorthogonal system if and
only if ψ#jk = ψ˜jk, (j, k) ∈ Z × N0, where {ψ˜jk} ∈ L2 is defined in (2.8) and w˜ = {w˜j }
satisfies∑
n∈Z
wj(2n+ x)w˜j+s(2n+ x)+ (−1)s
∑
n∈Z
wj(2n− x)w˜j+s(2n− x)= δs,0, j, s ∈ Z.
(3.1)
Proof. First let us consider Tjk = djk as introduced in (2.2) and study the inner product
I`,m,j,k := 〈ψ`m,ψ#jk〉 =
∫ ∞
−∞
w`(x)ψ
#
jk(x)T`m(x)dx. (3.2)
Since T`m = d`m are periodic with period 2, we have
I`,m,j,k =
∫ 2
0
G`,j,k(x)d`m(x)dx,
where
G`,j,k(x) :=
∑
p∈Z
w`(2p+ x)ψ#jk(2p+ x).
Also, since T`m = d`m are symmetric around any integer provided that ` ∈ 2Z, and are
antisymmetric around any integer provided that ` ∈ 2Z+ 1, we see that
I`,m,j,k =
∫ 1
0
[G`,j,k(x)+ (−1)`G`,j,k(2− x)]d`m(x)dx. (3.3)
So, using the fact that {d`m}m∈N0 is an orthonormal trigonometric basis of L2[0,1], we see
that the biorthogonality condition
I`,m,j,k = δ`,j δm,k, `, j ∈ Z, m, k ∈N0, (3.4)
is equivalent to
G`,j,k(x)+ (−1)`G`,j,k(2− x)= d`,m(x)δ`,j δm,k. (3.5)
It is clear that (3.5) can be rewritten as
Mq(x)HT`,m(x)= δq`d`m(x), q ∈ Z, ` ∈ Z, m ∈N0, (3.5′)
where
Mq (x) :=
(
. . . ,m−1,q(x),m0,q(x),m1,q(x), . . .
)
,
mpq(x) is defined as in (2.4), and
H`m(x) :=
(
. . . , h
(`,m)
−1 (x), h
(`,m)
0 (x), h
(`,m)
1 (x), . . .
)
,
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with
h(`,m)p (x)=ψ#`m
(
2
⌊
p+ 1
2
⌋
+ (−1)px
)
.
Next, consider the zero sets
A` :=
⋂
k∈N0
{x ∈ [0,1] :d`k(x)= 0}.
It is clear that meas A` = 0 for each ` ∈ Z. Thus, if the system of equations (3.5) or (3.5′)
is solvable, then the matrix M(w, x) defined in (2.3) is a.e. invertible. This fact implies
that ψ#jk has the form
ψ#jk(x)= ψ˜jk(x) := w˜j (x)djk(x), j ∈ Z, k = 0,1, . . . , (3.6)
with w˜j (x) = m˜0j (x), the (0, j)th entries of the matrix M˜(w, x) as introduced in (2.5).
In (3.5), we use ψ#jk determined in (3.6) and obtain∑
p∈Z
w`(2p+ x)w˜j (2p+ x)+ (−1)`+j
∑
p∈Z
w`(2p+ 2− x)w˜j (2p+ 2− x)= δ`,j , (3.7)
where j ∈ Z, ` ∈ Z, x ∈ [0,1]. This equation is equivalent to (3.1).
Next we turn to Tjk = cjk , and again consider the inner product (3.2). In this case
Tjk = cjk has period 4, and we have
I`,m,j,k =
∫ 4
0
[∑
p∈Z
w`(4p+ x)ψ#jk(4p+ x)
]
c`m(x)dx
=
∫ 1
0
{∑
p∈Z
[
η1(`)w`(4p+ x)ψ#jk(4p+ x)
+η2(`)w`(4p+ 2− x)ψ#jk(4p+ 2− x)
+η3(`)w`(4p+ 2+ x)ψ#jk(4p+ 2+ x)
+η4(`)w`(4p+ 4+ x)ψ#jk(4p+ 4− x)
]}
c`m(x)dx,
where
η1(`)=
{
1, if ` ∈ 4Z∪ (4Z+ 3),
−1, if ` ∈ (4Z+ 1)∪ (4Z+ 2), (3.8)
η2(`)=
{
1, if ` ∈ 4Z∪ (4Z+ 1),
−1, if ` ∈ (4Z+ 2)∪ (4Z+ 3), (3.9)
η3(`)=−η1(`), η4(`)=−η2(`). (3.10)
The dual condition (3.7) for generating biorthogonal families is now equivalent to∑
p∈Z
[
η1(`)w`(4p+ x)ψ#jk(4p+ x)+ η2(`)w`(4p+ 2− x)ψ#jk(4p+ 2− x)
+η3(`)w`(4p+ 2+ x)ψ#jk(4p+ 2+ x)+ η4(`)w`(4p+ 4+ x)ψ#jk(4p+ 4− x)
]
= c`,m(x)δj,`δk,m, j, ` ∈ Z; k,m ∈ Z. (3.11)
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This system of equations is solvable if and only ifM(w;x) is a.e. invertible. Furthermore,
the solution ψ#jk has the form (3.6) with djk replaced by cjk . Since cjkc`m has period 2,
we obtain (3.1), after replacing ψ#jk in (3.11) by (3.6).
For Tjk = sjk , a similar argument leads to the same equations. This completes the proof
of Proposition 1.
COROLLARY 1. If for any j, s ∈ Z, the function Fjs defined by Fjs := wjw˜j+s is in
L1, then (3.1) is equivalent to each of the following two conditions:
(i) For j, s,m ∈ Z,
F̂js(mpi)+ (−1)sF̂js(−mpi)= 2δs,0δm,0. (3.12)
(ii) For j, s,m ∈ Z,∫ ∞
−∞
wj(x)w˜j+s(x) cosmpix dx = δs,0δm,0,∫ ∞
−∞
wj (x)w˜j+s(x) sinmpix dx = 0.
(3.13)
Proof. Indeed it is easy to see that∫ 1
−1
∑
p∈Z
wj(2p+ x)w˜j+s(2p+ x)dx = F̂js(0)
and ∫ 1
−1
∑
p∈Z
wj(2p+ x)w˜j+s(2p+ x)e−impixdx = F̂js(mpi).
So, the condition (3.1) is equivalent to (i). The equivalence of (i) and (ii) is immediate.
PROPOSITION 2. Let w= {wj } and w˜= {w˜j } be two sequences of functions in L2 that
satisfy (2.7). Then the pair {ψjk, ψ˜jk} defined in (2.1) and (2.8) provides the dual Parseval
identity if and only if for each k ∈ Z,∑
j∈Z
wj(x)w˜j (x + 2k)= δk,0, a.e. (3.14)
and ∑
j∈Z
(−1)jwj (x)w˜j (2k − x)= 0, a.e. (3.15)
Proof. Since the following proof is the same for cjk, sjk, and djk , we consider only
Tjk = cjk . Let
Q :=
∑
j∈Z
∞∑
k=0
〈f,ψjk〉〈ψ˜jk, g〉,
where f and g ∈L2. Then we have
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Q=
∑
j∈Z
∞∑
k=0
1
2
∫ ∞
−∞
f (x)wj (x)dx
×
∫ ∞
−∞
g¯(y)w˜j (y)× (ei(k+ 12 )pi(x−j)+ e−i(k+ 12 )pi(x−j))
×(ei(k+ 12 )pi(y−j)+ e−i(k+ 12 )pi(y−j))dy
=
∑
j∈Z
∞∑
k=0
1
2
∫ ∞
−∞
f (x)wj (x)dx
×
∫ ∞
−∞
g¯(y)w˜j (y)× (ei(k+ 12 )pi(x+y−2j)+ e−i(k+ 12 )pi(x+y−2j)
+ ei(k+ 12 )pi(x−y)+ e−i(k+ 12 )pi(x−y))dy
=
∑
j∈Z
(−1)j
2
∫ ∞
−∞
f (x)wj (x)
∞∑
k=0
∫ ∞
−∞
g¯(y)w˜j (y)
×(ei pi2 xe−i pi2 yeikpixeikpiy + ei pi2 xei pi2 ye−i(k+1)pixe−i(k+1)piy)dydx
+
∑
j∈Z
1
2
∫ ∞
−∞
f (x)wj (y)
∞∑
k=0
∫ ∞
−∞
g¯(y)w˜j (y)
×(ei pi2 xe−i pi2 yeikpixe−ikpiy + ei pi2 xe−i pi2 ye−i(k+1)pixei(k+1)piy)dydx.
Hence, setting
Gj(y) := g¯(y)w˜j (y),
G
(1)
j (y) := (−1)jei(pi/2)yGj (y), G(2)j (y) := e−i(pi/2)yGj (y),
and applying the Poisson Summation Formulas
1
2
∑
k∈Z
Ĝ
(`)
j (kpi)e
ikpix =
∑
k∈Z
G
(`)
j (x + 2k), `= 1,2,
we obtain
Q=
∑
j∈Z
1
2
∫ ∞
−∞
f (x)wj (x)e
i(pi/2)x
∑
k∈Z
(Ĝ
(1)
j (−kpi)+ Ĝ(2)j (kpi))eikpixdx
=
∑
j∈Z
∫ ∞
−∞
f (x)wj (x)e
i(pi/2)x
[∑
k∈Z
G
(1)
j (2k − x)+
∑
k∈Z
G
(2)
j (2k+ x)
]
dx
=
∑
j∈Z
∫ ∞
−∞
f (x)wj (x)
[
(−1)j
∑
k∈Z
(−1)kg¯(2k− x)w˜j (2k − x)
+
∑
k∈Z
(−1)kg¯(2k + x)w˜j (2k + x)
]
dx.
Under the condition (2.7), we have
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Q=
∫ ∞
−∞
f (x)
∑
k∈Z
(−1)kg¯(2k − x)
∑
j∈Z
wj(x)w˜j (2k − x)dx
+
∫ ∞
−∞
f (x)
∑
k∈Z
(−1)kg¯(2k + x)
∑
j∈Z
wj(x)w˜j (2k+ x)dx. (3.16)
Hence, by (3.16), it is evident that (3.14) and (3.15) imply the dual Parseval identity
Q= 〈f,g〉. (3.17)
Conversely, assume that (3.17) holds for any f and g ∈ L2(R). Let m be any integer and
consider any f with supp f ⊂ [m,m+ 1], and g = χ[2k+m,2k+m+1], it follows from (3.16)
that
(−1)k
∫ m+1
m
f (x)
∑
j∈Z
wj (x)w˜j (2k + x)dx = δk0
∫ m+1
m
f (x)dx.
Hence, we have ∑
j∈Z
wj(x)w˜j (2k+ x)= δk0, a.e.
on [m,m+ 1]. Similarly, by taking g = χ[2k−m−1,2k−m] we get∑
j∈Z
(−1)jwj (x)w˜j (2k − x)= 0, a.e.
on [m,m+ 1]. Since m is arbitrary, we have shown that (3.14) and (3.15) hold for almost
all x ∈R. Thus, we see that under the condition (2.7), the dual Parseval identity (2.6) with
ψ#jk replaced by ψ˜jk is equivalent to the totality of (3.14) and (3.15). This completes the
proof of the proposition.
The proofs of the main theorems also require the following four well-known lemmas.
LEMMA 1. A sequence {fn} of functions in L2 is a Schauder basis of L2 if and only if
there exists a sequence {f˜n} in L2 such that {fn, f˜n} is biorthogonal and provides the dual
Parseval identity.
LEMMA 2. Suppose that the family (2.1) is a Riesz basis of L2. Then the operator
(0f )(x) :=
∑
(j,k)∈Z×N0
〈f,ψjk〉ψjk(x), f ∈ L2, (3.18)
is a one-to-one operator from L2 onto itself. Furthermore, both 0 and its inverse 0−1 are
bounded on L2.
LEMMA 3. Let 0< α < 1 and f ∈L1(0,2pi).
(i) If the derivative f ′ ∈ Lipα, then the Fourier coefficients of f satisfy
ck(f ) := 12pi
∫ pi
−pi
f (x)eikxdx =O(|k|−1−α), |k| →∞.
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(ii) If ck(f ), k ∈ Z, satisfy
ck(f )=O(|k|−1−α), |k| →∞,
then f ′ ∈ Lipα.
LEMMA 4 (Schur). Let H = (hpq)(p,q)∈Z2 be any matrix of complex numbers and
{λp}p∈Z an arbitrary sequence of positive numbers, such that∑
q∈Z
|hpq |λq ≤ Cλp, p ∈ Z, and
∑
p∈Z
|hpq |λp ≤ Cλq, q ∈ Z, (3.19)
where C is a positive constant independent of p and q . Then the matrix H is a bounded
operator from `2(Z) to `2(Z).
We also need the following.
LEMMA 5. Let {µ`}`∈Z be a sequence of 2-periodic functions. Then there exists a
positive constant C such that∥∥∥∥∑
`∈Z
µ`f (· − 2`)
∥∥∥∥2 ≤C‖f ‖2, f ∈L2, (3.20)
if and only if ∣∣∣∣∑
`∈Z
µ`(x)e
−i`ξ
∣∣∣∣≤ C, a.e. (x, ξ) ∈R× (0,2pi). (3.21)
Proof. Let f ∈ L2 and consider
F(x) :=
∑
`∈Z
µ`(x)f (x − 2`).
Then
‖F‖2 =
∑
m∈Z
∫ 2m+2
2m
∣∣∣∣∑
`∈Z
µ`(x)f (x − 2`)
∣∣∣∣2dx
=
∑
m∈Z
∫ 2
0
∣∣∣∣∑
`∈Z
µ`(x)f (x + 2m− 2`)
∣∣∣∣2dx.
Hence, if ‖F‖2 <∞, then ∫ 2
0
∑
`∈Z
|µ`(x)|2dx <∞.
Thus, for finite ‖F‖, we have
‖F‖2 = 1
2pi
∫ 2
0
∫ 2pi
0
∣∣∣∣∑
m∈Z
(∑
`∈Z
µ`(x)f (x + 2m− 2`)
)
e−imξ
∣∣∣∣2dξdx
= 1
2pi
∫ 2
0
∫ 2pi
0
∣∣∣∣(∑
`∈Z
µ`(x)e
−i`ξ
)(∑
m∈Z
f (x + 2m)e−imξ
)∣∣∣∣2dξ. (3.22)
The equivalence of (3.20) and (3.21) is clearly a consequence of (3.22).
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4. PROOF OF MAIN THEOREMS
This section is devoted to the proof of the main results of this paper as stated in Section 2.
4.1. Proof of Theorem 1
Let {ψjk} as defined by (2.1) be a Schauder basis ofL2, and let {ψ#jk} be the biorthogonal
basis. Then by Lemma 1, the pair {ψjk,ψ#jk} provides the dual Parseval identity. Now, by
Proposition 1, we have ψ#jk = w˜jTjk , where w = {w˜j } is determined by (3.1). Observe,
however, that (3.1) is equivalent to (2.9), where the notation (2.5) is used. Hence, we see
that w˜ = m˜0j which is the (0, j)th entry of the matrix M˜(w, x) in (2.5).
Conversely, if {ψjk,ψ#jk} is biorthogonal and provides the dual Parseval identity, then
again by Proposition 1 and Lemma 1, {ψjk} is a Schauder basis of L2.
4.2. Proof of Theorem 2
Since the totality of (3.14) and (3.15) is equivalent to (3.1), Theorem 2 is a simple
consequence of Proposition 2 and Theorem 1.
4.3. Proof of Theorem 3
Noting the similarity of the proof of this theorem for cjk, sjk , and djk , we consider only
Tjk = cjk . We first prove the equivalence of (i) and (iii). For f ∈ L2, let us calculate the
quantity
J :=
∑
j∈Z
∑
k∈N0
|〈f,ψjk〉|2
=
3∑
`=0
∑
n∈Z
∑
k∈N0
∣∣∣∣∫ 4
0
[∑
p∈Z
f¯ (4p+ x)w4n+`(4p+ x)
]
c4n+`,k(x)dx
∣∣∣∣2.
By the periodicity and symmetry properties of cjk , we see that
J =
3∑
`=0
∑
n∈Z
∑
k∈N0
∣∣∣∣ ∫ 1
0
∑
p∈Z
[η1(`)f (4p+ x)w4n+`(4p+ x)
+η2(`)f (4p+ 2− x)w4n+`(4p+ 2− x)
+η3(`)f (4p+ 2+ x)w4n+`(4p+ 2+ x)
+η4(`)w4n+`(4p+ 4− x)]c4n+`,k(x)dx
∣∣∣∣2,
where η1(`), . . . , η4(`) are defined in (3.8)–(3.10). Also, based on the fact that for each
j ∈ Z, {cjk}k∈N0 is an orthonormal basis of L2[0,1], we obtain, by the Parseval identity,
J =
3∑
`=0
∑
n∈Z
∫ 1
0
∣∣∣∣∑
p∈Z
[
η1(`)f (4p+ x)w4n+`(4p+ x)
+η2(`)f (4p+ 2− x)w4n+`(4p+ 2− x)
+η3(`)f (4p+ 2+ x)w4n+`(4p+ 2+ x)
+η4(`)f (4p+ 4− x)w4n+`(4p+ 4− x)
]∣∣∣∣2dx.
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Now, consider
F(x) := (. . . ,F−1(x),F0(x),F1(x), . . .),
where Fj , j ∈ Z, are defined by
F4p+`(x) :=

f (4p+ x), `= 0,
f (4p+ 2− x), `= 1,
f (4p+ 2+ x), `= 2,
f (4p+ 4− x), `= 3.
Then J can be written as
J =
∫ 1
0
‖K(w, x)TF(x)T‖2dx,
where K is defined by
K(w, x) := (kpq(x))(p,q)∈Z2, (4.1)
kpq(x) = pqwq
(
2
⌊
p+ 1
2
⌋
+ (−1)px
)
and
pq =
{1, if p− q = 0 or 3 (mod 4),
−1, if p− q = 1 or 2 (mod 4).
Since ‖M(w, x)‖ = ‖K(w, x)‖, and
‖f ‖2 =
∑
p∈Z
∫ 1
0
[|f (4p+ x)|2
+|f (4p+ 2− x)|2 + |f (4p+ 2+ x)|2 + |f (4p+ 4− x)|2]dx
=
∫ 1
0
‖F(x)‖2dx,
we see that A‖f ‖2 ≤ J ≤ B‖f ‖2 if and only if A≤A0 ≤ B0 ≤B .
Next let us establish the equivalence of (ii) and (iii). If (iii) holds, then it is clear that (i)
holds, and hence the family {ψjk} is complete in L2. To establish the Riesz inequality
A
∑
j∈Z
∑
k∈N0
|ajk|2 ≤
∥∥∥∥∑
j∈Z
∑
k∈N0
ajkψjk
∥∥∥∥2 ≤ B∑
j∈Z
∑
k∈N0
|ajk|2, (4.2)
we set
gj (x) :=
∑
k∈N0
ajkcjk(x), j ∈ Z,
and
f (x)=
∑
j∈Z
wj(x)gj (x). (4.3)
By the periodicity and symmetry properties of cjk , we see that (4.3) implies
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f (4p+ x)=
∑
n∈Z
[
η1(0)w4n(4p+ x)g4n(x)
+η2(0)w4n+1(4p+ x)g4n+1(2− x)
+η3(0)w4n+2(4p+ x)g4n+2(2+ x)
+η4(0)w4n+3(4p+ x)g4n+3(4− x)
]
, (4.4)
f (4p+ 2− x)=
∑
n∈Z
[
η1(1)w4n(4p+ 2− x)g4n(x)
+η2(1)w4n+1(4p+ 2− x)g4n+1(2− x)
+η3(1)w4n+2(4p+ 2− x)g4n+2(2+ x)
+η4(1)w4n+3(4p+ 2− x)g4n+3(4− x)
]
, (4.5)
f (4p+ 2+ x)=
∑
n∈Z
[
η1(2)w4n(4p+ 2+ x)g4n(x)
+η2(2)w4n+1(4p+ 2+ x)g4n+1(2− x)
+η3(2)w4n+2(4p+ 2+ x)g4n+2(2+ x)
+η4(2)w4n+2(4p+ 2+ x)g4n+3(4− x)
]
, (4.6)
f (4p+ 4− x)=
∑
n∈Z
[
η1(3)w4n(4p+ 4− x)g4n(x)
+η2(3)w4n+1(4p+ 4− x)g4n+1(2− x)
+η3(3)w4n+2(4p+ 4− x)g4n+2(2+ x)
+η4(3)w4n+3(4p+ 4− x)g4n+3(4− x)
]
. (4.7)
Thus, we have
‖f ‖2 =
∑
p∈Z
∫ 1
0
{|f (4p+ x)|2 + |f (4p+ 2− x)|2 + |f (4p+ 2+ x)|2
+|f (4p+ 4− x)|2}dx
=
∑
p∈Z
∫ 1
0
{∣∣∣∣∑
n∈Z
[
η1(0)w4n(4p+ x)g4n(x)+ η2(0)w4n+1(4p+ x)g4n+1(2− x)
+η3(0)w4n+2(4p+ x)g4n+2(2+ x)+ η4(0)w4n+3(4p+ x)g4n+3(4− x)
]∣∣∣∣2
+
∣∣∣∣∑
n∈Z
[
η1(1)w4n(4p+ 2− x)g4n(x)+ η2(1)w4n+1(4p+ 2− x)g4n+1(2− x)
+η3(1)w4n+2(4p+ 2− x)g4n+2(2+ x)
+η4(1)w4n+3(4p+ 2− x)g4n+3(4− x)
]∣∣∣∣2
+
∣∣∣∣∑
n∈Z
[
η1(2)w4n(4p+ 2+ x)g4n(x)+ η2(2)w4n+1(4p+ 2+ x)g4n+1(2− x)
+η3(2)w4n+2(4p+ 2+ x)g4n+2(2+ x)
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+η4(2)w4n+3(4p+ 2+ x)g4n+3(4− x)
]∣∣∣∣2
+
∣∣∣∣∑
n∈Z
[
η1(3)w4n(4p+ 4− x)g4n(x)+ η2(3)w4n+1(4p+ 4− x)g4n+1(2− x)
+η3(3)w4n+2(4p+ 4− x)g4n+2(2+ x)
+η4(3)w4n+3(4p+ 4− x)g4n+3(4− x)
]∣∣∣∣2}dx,
and this yields
‖f ‖2 =
∥∥∥∥∑
j∈Z
∑
k∈N0
ajkψjk
∥∥∥∥2 = ∫ 1
0
‖K(w, x)G(x)T‖2dx, (4.8)
where K(w, x) is defined in (4.1) and G(x)= (. . . ,G−1(x),G0(x),G1(x), . . .) with Gj ,
j ∈ Z, defined by
G4n(x)= g4n(x),
G4n+1(x)= g4n+1(2− x),
G4n+2(x)= g4n+2(2+ x),
G4n+3(x)= g4n+3(4− x),
n ∈ Z. However, since∑
n∈Z
∫ 1
0
[|g4n(x)|2 + |g4n+1(2− x)|2 + |g4n+2(2+ x)|2 + |g4n+3(4− x)|2]dx
=
∑
j∈Z
∑
k∈N0
|ajk|2,
and ‖K(w, x)‖ = ‖M(w, x)‖, we conclude that (4.8) implies the equivalence of (iii) and
(4.2). This completes the proof of the theorem.
4.4. Proof of Theorem 4
Since the proofs for cjk, sjk, and djk are similar, we consider only Tjk = cjk .
Necessity. Assume that the family defined by (2.15) is a Riesz basis of L2. Then by
the equivalence of (3.1) and (3.14)–(3.15), the dual windows w˜k that give the biorthogonal
basis are determined by the following two sets of equations:∑
j∈Z
w
(
x − j − 12
)
w˜j (x + 2k)= δk,0, k ∈ Z, (4.9)∑
j∈Z
(−1)jw(x − j − 12)w˜j (2k− x)= 0, k ∈ Z. (4.10)
Now, it is clear that for ψ˜0k = w˜0c0k , k ∈N0, to satisfy
〈ψjk, ψ˜0k′ 〉 = δj,0δk,k′, j ∈ Z, k, k′ ∈N0,
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we have
〈ψjk, w˜0(· − j ′)cj ′k′(·)〉 = δj,j ′δk,k′, j, j ′ ∈ Z, k, k′ ∈N0.
Thus, {ψ˜jk} is generated by one single window function w˜(x) := w˜0
(
x + 12
)
, namely
ψ˜jk(x)= w˜
(
x − j − 12
)
cjk, j ∈ Z, k ∈N0.
So, by (4.9)–(4.10), this window function w˜ satisfies∑
j∈Z
w
(
x − j − 12
)
w˜
(
x + 2k − j − 12
)= δk,0, k ∈ Z, (4.11)∑
j∈Z
(−1)jw(x − j − 12)w˜(2k− x − j − 12)= 0, k ∈ Z. (4.12)
On the other hand, in view of Propositions 1 and 2, (4.11) and (4.12) are equivalent to
the biorthogonality of {ψjk, ψ˜jk}. Thus, y = w˜ is the unique solution of the functional
equations ∑
j∈Z
w
(
x − j − 12
)
y
(
x + 2k − j − 12
)= δk,0, k ∈ Z, (4.13)∑
j∈Z
(−1)jw(x − j − 12)y(2k− x − j − 12)= 0, k ∈ Z. (4.14)
Now, if y is the solution of (4.13) and (4.14), then since w is an even function, y(−x)
is also a solution. So by uniqueness, y must be an even function of x . Hence, (4.13) and
(4.14) can be replaced by∑
j∈Z
w(x − j)y(x + 2k− j)= δk,0, k ∈ Z, (4.15)∑
j∈Z
(−1)jw(x − j)y(x + j − 2k + 1)= 0, k ∈ Z, (4.16)
y(x)=
∑
`∈Z
θ`(x)w(x − 2`), (4.17)
where each θ` is 1-periodic, and by (2.14), it is clear that the series (4.17) is convergent
both in L2 and absolutely for almost all x . Also, in view of the formulation of y in (4.17),
we see that (4.16) holds automatically, and (4.15) can be written as∑
`∈Z
θ`(x)
∑
j∈Z
w(x − j)w(x − j + 2k− 2`)= δk,0, k ∈ Z. (4.18)
Here, we have interchanged the order of summation which is permissible because of
uniform convergence. Now, appealing to the notation introduced in (2.12), the solution y
in (4.15)–(4.17) is equivalent to the solution of the 1-periodic functions θ` in∑
`∈Z
θ`(x)8k−`(w;x)= δk,0, k ∈ Z. (4.19)
Let x ∈ [0,1]. Then by (2.14), we see that
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|8m(w;x)| ≤C
∑
j∈Z
(
1
|j | + 1
)2+( 1
|j + 2m| + 1
)2+
≤C(|m| + 1)−2−.
Thus, as a function of ξ , we have∑
`∈Z
8`(w;x)e−i`ξ ∈ C[−pi,pi]. (4.20)
Meanwhile, for almost all x ∈ [0,1], {θ`(x)} ∈ `2, we also have, as a function of ξ ,∑
`∈Z
θ`(x)e
−i`ξ ∈L2[−pi,pi]. (4.21)
Hence, the `2-convolution system (4.19) can be written as(∑
`∈Z
θ`(x)e
−i`ξ
)(∑
`∈Z
8`(w;x)e−i`ξ
)
= 1, (4.22)
for almost all x ∈ [0,1]. Now, since {ψjk} and {ψ˜jk} are biorthogonal bases of L2, we
have, for any f ∈ L2,
f (x) =
∑
j∈Z
∑
k∈N0
∫ ∞
−∞
f (t)w
(
t − j − 12
)
cjk(t)dt cjk(x)
×
∑
`∈Z
θ¯`
(
x − 12
)
w
(
x − j − 12 − 2`
)
=:
∑
`∈Z
θ¯`
(
x − 12
)
0(f )(x − 2`)
defining the operator 0, such that
0−1(f )(x)=
∑
`∈Z
θ¯`
(
x − 12
)
f (x − 2`).
By Lemma 2, we obtain
∥∥∥∥∑
`∈Z
θ¯`
(· − 12)f (· − 2`)∥∥∥∥2 = ‖0−1(f )‖2 ≤ C‖f ‖2,
and it follows, by applying Lemma 5, that∣∣∣∣∑
`∈Z
θ`(x)e
−i`ξ
∣∣∣∣≤ C, a.e. (4.23)
Hence, as a consequence of (4.20), (4.22), and (4.23), we conclude that 3(w;x, ξ) 6= 0 on
[0,1] × [−pi,pi].
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Sufficiency. Next, assume that the continuous function 3(w;x, ξ) 6= 0 on [0,1] ×
[−pi,pi]. Then by (ii) in Lemma 3, we see that as a function of ξ ,
∂
∂ξ
(3(w;x, ξ))−1 ∈ Lip 
uniformly on [0,1]. Also by (i) in Lemma 3, we have
θ`(x)=O(|`| + 1)−1−.
Hence, the unique solution y = w˜ satisfies
|w˜(x)| ≤C(|x| + 1)−1−. (4.24)
Consider the matricesM(x) := (mpq(x))(p,q)∈Z2 and M˜(x) := (m˜pq(x))(p,q)∈Z2 , where
mpq(x)= (−1)pqw
(
2
⌊
p+ 1
2
⌋
− q − 1
2
+ (−1)px
)
and
m˜pq(x)= (−1)pqw˜
(
2
⌊
p+ 1
2
⌋
− q − 1
2
+ (−1)px
)
.
Then (2.14) and (4.24) imply that
|mpq(x)| + |m˜pq(x)| ≤ C(|p− q| + 1)−1−, x ∈ [0.1],
and this gives both∑
q∈Z
(|mpq(x)| + |m˜pq(x)|)
(
1
|q| + 1
)
=O
(∑
q∈Z
1
(|p− q| + 1)1+
1
(|q| + 1)
)
=O
(
1
|p| + 1
)
, p ∈ Z, (4.25)
and ∑
p∈Z
(|mpq(x)| + |m˜pq(x)|)
(
1
|p| + 1
)
=O
(
1
|q| + 1
)
, q ∈ Z. (4.26)
Hence, it follows from Lemma 4 that bothM(x) and M˜(x) are bounded operators from
`2(Z) to `2(Z), uniformly for x ∈ [0,1]. By Theorem 3, {ψjk} is a Riesz basis of L2. Also
from the above discussion, it is clear that the dual window function w˜ can be computed by
applying (2.18) and (2.19). This completes the proof of Theorem 4.
5. EXAMPLES AND RELATED RESULTS
Let us first consider the example
w(x)= e−ζx2, Re ζ > 0,
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studied by Coifman and Meyer [7]. It is easy to see that (2.14) and (2.16) are satisfied.
Hence, by Theorem 4, we have verified that the Coifman–Meyer Gaussian basis (2.15) is
a Riesz basis of L2, and that the dual window function w˜ of w is given by
w˜(x)=
∑
`∈Z
α`e
−ζ(x−2`)2
/∑
j∈Z
e−2ζ(x−j)2,
where
α` = 12pi
∫ pi
−pi
ei`ξ
(∑
m∈Z
e−2ζm2e−imξ
)−1
dξ.
For a window function of Laplacian type, we have the following.
EXAMPLE 1. Set w(x) = e−|x|n , where n is any natural number. Then the conditions
in Theorem 4 are satisfied. Hence, the family (2.15) is a Riesz basis of L2 with dual basis
given by (2.17).
For compactly supported window functions w, we have the following.
EXAMPLE 2. Let w be any even continuous function with supp w ⊆ [−N,N], such
that
QN(x, ξ)=80(w;x)+ 2
N−1∑
m=1
8m(w;x) cosmξ > 0, 0≤ x ≤ 1. (5.1)
Then {ψjk} is a Riesz basis of L2, where {Tjk} is {cjk}, {sjk} or {djk}, with dual basis
given by (2.17), where
w˜(x)=
bx/2+N/2c∑
`=bx/2+N/2c−N
(
1
pi
∫ pi
0
(QN(x, ξ))
−1 cos `ξ dξ
)
w(x − 2`).
Window functions w that satisfy (5.1) include the centered Cardinal cubic B-spline
N4(x + 2), where N4 is the fourfold convolution of the characteristic function of the unit
interval, as well as the restriction of the cosine function to the first and fourth quadrants,
χ[−2,2](x) cos
pix
4 .
In this paper, we have discussed biorthogonal Schauder bases, Riesz bases, and frames
for the family (1.1). In the following, we formulate a completeness result of this family
without consideration of linear independence and stability.
PROPOSITION 3. Let w = {wj } be a sequence of functions such that ψjk = wjTjk ∈
L2, (j, k) ∈ Z × N0. If the matrix M(w, x) defined in (1.2) is a.e. invertible and
‖M(w, x)‖<∞, ‖M(w, x)−1‖<∞ a.e., then {ψjk} is complete in L2.
Proof. For any given  > 0 there exists a constant C > 0 such that the set
E := {x :‖M(w, x)‖>C or ‖M(w, x)−1‖>C}
satisfies meas E ≤ . Assume Tjk = cjk . In order to prove the completeness of {ψjk} in L2,
it is enough to show that if f ∈L2 ∩L∞ and vanishes on E, then f can be represented by
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a series expansion
f (x)=
∑
j∈Z
∑
k∈N0
ajkψjk(x)
which converges in L2. To study the coefficients ajk , we consider its components
gj (x) :=
∑
k∈N0
ajkcjk(x), j ∈ Z.
By the periodicity and symmetry properties of cjk , the above series expansion of f is
equivalent to (4.4)–(4.7), and the coefficient matrix of gj in (4.4)–(4.7) can be written
as K(w, x) = (kpq(x))(p,q)∈Z2 , defined in (4.1). Since ‖M(w,x)‖ = ‖K(w, x)‖ and
‖M(w, x)−1‖ = ‖K(w, x)−1‖, we have
‖K(w, x)−1‖ = ‖M(w, x)−1‖ ≤ C
on the set {x :f (x) 6= 0}. Thus, the system of equations (4.4)–(4.7) is a.e. solvable and the
solutions gj in terms of f (4p+ x), f (4p+ 2− x), f (4p+ 2+ x), and f (4p+ 4− x) are
locally square-integrable. From gj , we can find the coefficients ajk of the series expansion
of f as follows, namely
ajk =
∫ j+1
j
gj (x)cjk(x)dx, k ∈N0, j ∈ Z.
Hence {ψjk} is complete in L2.
In Theorem 2, ifwj (x)= w˜j (x)=w(x−j− 12 ) for some compactly supported function
w ∈L2, then (2.7) is satisfied. In addition, it is clear that (2.9) can be written as (3.14) and
(3.15) in Proposition 2. Hence, as a consequence of Theorem 2 and Proposition 2, we have
the following.
PROPOSITION 4. Let w be a real-valued even function with compact support. Then
ψjk(x)=w
(
x − j − 12
)
cjk(x), (j, k) ∈ Z×N0, (5.2)
is an orthonormal basis of L2 if and only if∑
j∈Z
w(x − j)w(x + 2k− j)= δk,0, j ∈ Z. (5.3)
In the following, we give three examples of the weight functions that satisfy the
hypotheses of the above proposition.
EXAMPLE 3. Let w be a continuous real-valued even function with support [−a, a],
where a ≤ 2.5. If {ψjk} in (5.2) is an orthonormal basis of L2, then (5.3) implies that
a ≤ 2. Set
w(x)=

g1(x), if 0≤ x ≤ 12 ,
g2(1− x), if 12 ≤ x ≤ 1,
g3(x − 1), if 1≤ x ≤ 1.5,
g4(2− x), if 1.5≤ x ≤ 2.
(5.4)
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Then by Proposition 4, we see that {ψjk} is an orthonormal basis of L2 if and only if
g21(x)+ g22(x)+ g23(x)+ g24(x)= 1, (5.5)
g2(x)g3(x)=−g1(x)g4(x), for 0≤ x ≤ 12 . (5.6)
EXAMPLE 4. Let a, b, c and d be positive continuous functions that satisfy
a(x)d(x)= b(x)c(x), 0≤ x ≤ 12 ,
and
c(0.5)= (0.5)nd(0.5).
For 0≤ x ≤ 12 , define
h1(x)= (0.5− x)na(x),
h2(x)=−(0.5− x)nxnb(x),
h3(x)= xnc(x),
h4(x)= x2nd(x),
1(x)=
4∑
i=1
h2i (x),
where n is any natural number. Also, for i = 1,2,3,4, define gi(x)= hi(x)(1(x))−1/2. If
w is determined by (5.4) on [0,2], w(x)=w(−x) on [−2,0], and w(x)= 0, for |x| ≥ 2,
then (5.5) and (5.6) are satisfied. Thus, the family (5.2) is an orthonormal basis of L2.
EXAMPLE 5. Let a, b and c be positive continuous functions that satisfy
a(1− x)b(x)= (1− x)na(x)c(x), 0≤ x ≤ 12 .
For 0≤ x ≤ 12 , define
h1(x)= (1− x)na(x),
h2(x)= xna(1− x),
h3(x)=−xn(0.5− x)nb(x),
h4(x)= x2n(0.5− x)nc(x),
1(x)=
4∑
i=1
h2i (x),
where n is any natural number. For i = 1,2,3,4, define gi(x)= hi(x)(1(x))−1/2. If w is
generated by gi , i = 1,2,3,4, in the same way as in Example 3, then the family (5.2) is an
orthonormal basis of L2.
More generally, we have the following.
PROPOSITION 5. Let N be the smallest natural number such that a ≤N + 12 . Assume
that w is a continuous real-valued even function with support [−a, a]. Then the family
(5.2) is an orthonormal basis of L2 if and only if
22 CHUI AND SHI
(i) a ≤N ;
(ii) for 1≤ `≤ [N2 ] and 0≤ x ≤ 12 ,
2`−1∑
j=0
g2N−j (x)g2N−4`+j (x)= 0;
(iii) for [N2 ]+ 1≤ `≤N − 1 and 0≤ x ≤ 12 ,
4`−2N−1∑
j=0
g2N−j (x)g4`−2N−j (x)+
2N−2`+1∑
j=0
g4N−2`−j (x)gj+1(x)= 0;
and
(iv) for 0≤ x ≤ 12 ,
2N∑
j=1
g2j (x)= 1,
where
gj (x)=
{
w
(
x + j−12
)
, if j is odd,
w
( j
2 + x
)
, if j is even.
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